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for the cone at large x/d. The results shown in Figs. 1 and 2
illustrate both of these conclusions.
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A Transient Solution of the
Fokker-Planck Equation
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Introduction

IN many cases of practical interest, it is found that the
mean temperature of the electrons in an ionized gas is dif-

ferent from that of the gas molecules. Such cases exist, for
example, when an initially hot electron gas is injected into a
relatively cold neutral gas, or when the neutral molecule
temperature and density are changing. The electrons do not
follow these changes immediately, as many collisions of an
electron with the neutral molecules are required before the
electrons come into thermal equilibrium. In what follows,
it is shown that a complete solution of the distribution func-
tion is forthcoming when the collision frequency is velocity
independent, corresponding to the Maxwell law of interac-
tion.

Fokker-Planck Equation

The Boltzmann equation is usually written as

(d//dZ) + V/-v + V vf-g = C (1)

where

/ = velocity distribution function
t = time
C = collision integral

Presented as Preprint 64-382 at the AIAA 1st Annual Meeting,
Washington, D. C., June 29-July 2, 1964.

* Staff Engineer.

and V/- v and V*/-g represent the influences of diffusion and
external forces, respectively.

The collision integral is given by Allis1 as

m

where

m
M

T =

electron mass
molecular mass
electron velocity
collision frequency
Boltzmann 's constant
gas temperature

Equation (2) is actually the first term of the isotropic part of
the collision integral for elastic collisions of electrons and
molecules expanded in powers of m/M and is therefore a good
approximation for the case to be considered here.

For a spatially uniform gas in which no external forces are
acting, the Boltzmann equation is then written as

df m \
dt Mv*-Z

which is the usual form of the Fokker-Planck equation.

General Solution of the Fokker-Planck Equation
The collision frequency is, in general, a function of velocity,

and it is expressed here as a general power series expansion in
v, i.e.,

(4)

(5)

where the values of n may be positive and negative.
The Maxwellian distribution is written as

where A is a function of time only. Substituting Eqs. (4)
and (5) into Eq. (3) gives the following differential equation
for the function A :

(6)

_ „* _ ̂  xm 2 dt

n + 3 - 2A \—• (n + 3) + v2 \ + ——

An examination of Eq. (6) reveals that, since A is inck>
pendent of the velocity, the only nontrivial, consistent equa-
tion results when the collision frequency is velocity inde-
pendent, i.e., when v = VQ, corresponding to the Maxwell law
of interaction. The resulting equation for this case is

mv (7)

In general, both v and T have general time variations.
Consider the homogeneous equation

(M/m) (dA/dr) = 2A (8)

where dr = vdt. The solution of Eq. (8) is just
A = e(WM)r (9)

The solution of the nonhomogeneous equation (7) is assumed
to be of the form

A = £e(2m/M)r

Substitution of Eq. (10) into Eq. (7) results in the following
equation for B:

M_ dB
mv dt (ID
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Table 1 Various solutions of Eq. (14) for specific cases of
temperature variations (dv/dt = 0)
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dt

and the general solution of A is then written as

exp[(2m/M)fvdt]A =

(12)

(13)' /(4 A;!Tj;/M) [exp {(2m/7lf),

Since the electron temperature Te is just w/2M, Eq.(13)
gives

Tt = exp(— /3 fvdt ) [f/3 TV X
[exptffvdf)] dt + K] (14)

where /3 ==''2m/M and K is the integration constant.

Closed Form Solutions for Te

In Table 1 are given various solutions of Eq. (14) for some
specific cases of temperature variations. The initial electron
temperature in Table 1 is T0.

Approximate Solution of the General Problem

It would be desirable to have a solution to the general case
in which both the gas temperature and density can have quite
arbitrary temporal variations. Since any reasonable ar-
bitrary temperature variation may be divided into intervals,
and the ith interval approximated by T{ = T0gi (I + a,-0, and
similarly for the collision frequency, it is worthwhile to find a
solution for this case which may be used successively on each
interval to give an approximate solution to the over-all
problem.

Integrating by parts, the integral in the braces of Eq. (14)
becomes

DfTv exp(/3fvdt') dt = T exp(Qfvdt) -
JTexp(ft/V(#') (dT/dt) dt (15)

Making the substitutions T = T0g (1 + at), v = v0 (1 +
bt), Eq. (15) becomes

PfTv(l3fi>dt')dt = T0g (1 + at) X
exp[/W (1 + bt/2)] - aT0g f exp[/3v0t (1 + bt/2)] X

dt = T0g (I + at) exp[j&/rf (1 + bt/2)] +
[aT0g/(/3bvQ)1/2] exp[-/W26] erf{(2/K>1/2 X

[£(6/2)1/2 + 1/(26)1/2]} + C (16)

where erf (x) denotes the error function.2 Combining Eqs.
(16) and (14) gives the final solution as

Te = T0g (1 + at) +
exp[-/3?0 (t +

X
1/26)] X

To - T0g X
erf(/W2)1/2)} X

+bt/2)]
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Aerodynamic Pitching Derivatives of a
Wedge in Hypersonic Flow
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Introduction

IN a recent series of experiments carried out in the Univer-
sity of Southampton gun tunnel, East1 has measured the

aerodynamic stiffness and damping derivatives me and mj,
respectively [see Eqs. (20-22) for definitions], at a freestream
Mach number Mm =¥ 9.7 of a two-dimensional wedge aerofoil
oscillating in pitch about several positions along its chord;
the experimental results for the sharp leading edge model are
illustrated in Fig. 1. Since the wedge half angle o was equal.
to 9^° giving a thickness parameter Mmd = 1.6, he com-
pared his measured values of me and mo with theoretical pre-
dictions that embodied the "strong-shock" piston theory sug-
gested by Miles.2 The agreement obtained between the ex-
perimental results and the theory was certainly more than
qualitative. Within the limits of experimental scatter, the
measured values of m& were well correlated by the theory,
although the experimental values of me showed a certain
skewness about the theoretical prediction which made them
fall below the theoretical prediction for forward positions of
the pivot point and above the theoretical prediction for aft
positions of the pivot point. Indeed, the experimental re-
sults indicated positive values of the damping derivative for
positions of the pivot between 0.2 and 0.4 chord. East at-
tributed the discrepancies between experiment and theory
primarily to the interference of the flow along the two sides of
the two-dimensional model which was caused by laminar

o.o

-0.2

-0.4-

Fig. 1 Variation of the aerodynamic stiffness and damp-
ing derivatives with pivot position.
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